We present a comprehensive study of the phonon dispersion in an underdoped, superconducting Ca 2−x CuO 2 Cl 2 crystal. We interpret the results using lattice dynamical calculations based on a shell model, and we compare the results, to other hole-doped cuprates, in particular to the ones isomorphic to La 2−x Sr x CuO 4 (LSCO). We found that an anomalous dip in the Cu-O bond stretching dispersion develops in oxychlorides with a simultaneous marked broadening of the mode. The broadening is maximum at ≈ (π/(2a) 0 0) that corresponds to the charge-modulations propagation vector. Our analysis also suggests that screening effects in calculations may cause an apparent cosine-shaped bending of the Cu-O bond-stretching dispersion along both the (q 0 0) and (q q 0) directions, that is not observed on the data close to optimal doping. This observation suggests that the discrepancy between experimental data and ab-initio calculations on this mode originates from an overestimation of the doping effects on the mode.
both the (q 0 0) and (0) directions. 
II. METHODS

A. Crystal growth and characteristics
We studied three different crystals of Ca 2−x CuO 2 Cl 2 , selected from several ones, of sizes on the order of 0.5 to 1 mm, from different batches, after a screening of their superconducting and crystalline properties as measured by the Meißner effect in a SQUID magnetometer (Quantum design MPMS c ) and the diffraction on a four-circle diffractometer equipped with a Mo Kα anode, a kappa-type goniometer and a CCD detector (Oxford diffraction Xcalibur c ). We selected two of the crystals with nominal Ca vacancies doping x=0.2, grown at high-temperature and high-pressure of 1250
• C, 5.5 GPa 19, 22 , and a parent insulating Ca 2 CuO 2 Cl 2 with stoichiometric composition. The best one, sample 2b, used for all the measurements of in-plane dispersion, of about 0.1 mm 3 volume (see Fig. 2 ), shows a superconducting transition temperature onset at T onset c =33 K, with a well defined diamagnetic jump on a temperature window ∆T ≈ 8 K from 10 to 90% of the magnetization, as shown in Fig. 2 . This corresponds to an underdoped compounds with a Ca deficiency x∼0.16±0.01, slightly lower than the nominal one. The sample was protected from moist by a film of grease (Apizon N c ), in order to avoid formation of hydroxides, during all the measurements. The grease film was also used to hold it on the borosilicate glass sample holder for diffraction and Inelastic X-ray Scattering (IXS), as shown in Fig. 2 (inset) . The second doped crystal, named 1b, has also a nominal vacancy doping x=0.2, and similar crystalline and superconducting properties. This also prevented us for doing measurements on modes with in-plane propagation but outof-plane polarization as, notably, the oxygen buckling modes. The third, undoped, sample showed a mosaic too large for doing any phonon measurement. Phonons were measured from (1,1,0) to (2.2, 2.2, 0) along (1, 1, 0) and from (2,0,0) to (3,0,0) along (1, 0, 0) in longitudinal geometry, and from (3,0,0) up to (3, 0.5, 0) in transverse one.
The main monochromator was set to the Si (9 9 9) Bragg reflection, with a wave-length In Ca 2−x CuO 2 Cl 2 the contrast between the elastic line and the low energy mode on one side and high energy mode on the other, it is not as strong as in other cuprates. The ratio is determined by the ions number of electrons, as the the IXS scattering yield is proportional to Z 2 and the photoelectron absorption to Z 4 , so that the high Z elements dominate in a system with different atomic species, while the high energy mode come almost exclusively from light element vibrations 32 . In other cuprate systems, measuring the high energy mode dispersion is therefore possible only at few (∼ 10) Kelvin, where the Bose factor is strongly reduced for modes below 25 meV, compared to the intensity at room temperature 33 . The measurements presented here are, in turn, all taken at room temperature, so that the contrast in the intensities between high and low energy is largely due to the Bose contributions, still allowing the measurements of all high energy phonon modes.
C. Calculations
Phonon dispersion are simulated using the lattice dynamical calculation package OpenPhonon 34 ,
based on a shell model, further adapted for compilation with python 2. force constant to equilibrate the fictitious forces originating from anharmonic contribution when using real structural parameters in a quasi-harmonic approximation. A summary of the ions and bonds parameters are given in Table I and II respectively. In Fig. 4 we show the main atomic displacement pattern as calculated by our model at the zone center Γ, for the in-plane modes we have measured.
Note that, from now on, we will use the character of the mode along a particular dispersion line as a label for the line itself (e.g. ∆ 1 for the line (q 0 0) in longitudinal geometry) , and the zone center character as a label for the whole mode dispersion (e.g. Eu(1) along ∆ 1 for the Cu-O bond stretching mode along the line (q 0 0) in longitudinal geometry).
III. RESULTS
IXS spectra shows overall well defined phonon modes, in general with resolution-limited energy width, with the notable exception of the Cu-O bond stretching mode (Eu(1)) along ∆ 1 . They therefore present no difficulty for the fit procedure, in order to determine the phonon frequencies, width and intensities.
The parameters obtained from the fitting of these and several others spectra are plotted in Fig. 5 , for the frequency mode dispersions, and Fig. 6 , for the mode intensities. In Fig. 5 the experimental frequencies obtained by IXS are compared with the calculated dispersions. We also include experimental zone center modes estimated frequencies, obtained by infrared absorption on heavily underdoped Ca 2−x Na x CuO 2 Cl 2 (x=0, 0.3) in Ref. 41 . In Fig. 6 , the IXS intensities are compared with the dynamical structure factor calculated using the eigenvector simulated in our model. Overall, we observe a good agreement between the measured frequencies and intensities, on one side, and the calculated ones on the other side.
This with the notable exception of : The first anomaly is well known 13, 14, 23, 36, 37 , and widely debated 5, 6 , while the other anomalies are rather new. We discuss the details of our observation and possible interpretations in the following section.
In table I and II we give the ionic and bond parameters used for the model shown in Fig.   5 and 6. Overall, the agreement between the calculated and measured dispersion is comparable to the one found using similar atomistic models 23, 38 or even more advanced ab-initio approaches 5,14 . Moreover, we find a satisfying agreement between the calculated intensities, with the experimental ones on the IXS peak with closer frequencies of the calculated dispersion. This, not only supports the assignment we suggest for the phonons branches we have measured, but it is also a proof of the quality of the model, as correct eigenvectors are more delicate to found than frequencies.
IV.
DISCUSSION
The lattice dynamical shell model has been refined only with limited tuning of the ionic and bond parameter concerning the chlorine and calcium ions, otherwise imposing the parameters from Ref. 38 , confirming that the common potential model is appropriate for the cuprates.
We would like to discuss now in more details our present understanding of the discrepancies between the data and the calculations.
a. Dispersionless intensity at about 8 meV. We observe a low energy flat mode (point 2 above), in-plane, mainly along the ∆ 1 and ∆ 3 , directions. Along the Σ 1 direction the fitting of the central line is improved if we add some intensity in the same frequency region, but it is not well resolved, with perhaps the exception of the zone boundary. The difference is possibly due to the larger intensity of the elastic line in the geometry corresponding to Σ 1 scattering, which is accidental, and therefore, we can not consider this anomalous excitation anisotropic from our data. In the ∆ 1 and ∆ 3 directions it appears as a rather shallow intensity between the elastic line and the acoustic mode, but with an intensity well above the background. For a few scans only it appears with a well defined maximum.
The origin of this mode is not understood at the moment, but also observed in closely related system, for which we are presently running experimental investigations 42 in order to test different hypotheses of the nature of this additional mode, including defect vibrational states and phonon modes activated by symmetry breaking. We note also that several works using Raman scattering and infrared absorption in underdoped La 2−x Sr x CuO 4+δ 43-47 found intensity at similar energy in under-doped sample, which is attributed to modes related to the stripes charge-modulations.
b. Acoustic Σ 1 mode close to the zone boundary. The anomaly on the Σ 1 acoustic mode close to the zone boundary concern only one point, while the rest of the dispersion fit quite well with our simulations, both for the frequencies and the intensities. It would be nevertheless interesting to further study this mode, by complementary ab-initio calculation, to verify our findings, as well as with more detailed measurements close to the zone boundary.
c. Cu-O bond bending mode. The calculated frequency of the Cu-O bond bending mode at the zone center Γ is very close to the experimental IR position for the corresponding Eu (2) mode, but our calculation shows an upward dispersion, which does not seems to be confirmed in our data along ∆ 3 . Indeed, the experimental intensity along ∆ 3 between 30 and 40 meV, seems to lie at lower energy with respect to the calculated one. However, the Cu-O bond bending mode has a relatively low yield, along both ∆ 1 and ∆ 3 comparable to the bondstretching one, while being at lower energy. They are therefore measured on top of the tails of the much stronger modes at lower energy, as described above, fact that complicates their detection. A further investigation of this dispersion along ∆ 1 and ∆ 3 would be possible only at low temperature, as discussed above. Note that, on the contrary, for the corresponding Eu(2) mode along Σ 1 the mode is reasonably well resolved, and match very well both the calculated frequency dispersion and the intensity. . On the other hand, IR data shows well defined phonons mode at the zone center, but only in the insulating phases. We remark that the IR data assigned to the EU(1) mode on heavily underdoped samples, corresponds very well to the frequency we found at the zone boundary for both ∆ 1 and ∆ 3 Cu-O bond stretching modes. This suggests that the physics for this mode is very similar to the one of La 2−x Sr x CuO 4+δ 14,48 , despite the present lack of dispersion data in the undoped parent compound, and of mode frequencies an the Zone Center Γ in the doped one.
In Fig. 7 , top panels, we shows the detail of the Cu-O bond stretching for the direction with ∆ 1 (half-breathing) and Σ 1 (full-breathing) character and compared to our lattice dynamics simulations, with different screening wave number κ s .
In the same figure, bottom panel, we can follow the corresponding broadening of the mode, which starts at a value of less than 1 meV, once instrumental resolution subtracted, to end up at more than 12 meV. Note that the softening and simultaneous broadening is observed only for the mode with character ∆ 1 , propagating along (q00) (Fig. 7 , left, top and bottom). The same mode propagating along the diagonal (Σ 1 , Fig. 7 , left) is dispersing upward, with a line-shape that is resolution limited, as in other cuprates 14 . differential conductance map g(r, E) at wave-vectors of (nq, 0 0) with n integer and q ∼ 0. 25 can not be ruled out. This would imply that the phonon simulations by DFT correspond to a much higher doping, that, because of the larger screening, have a lower electron-phonon coupling. To confirm such conclusion also in oxychlorides, it would be important to compare with DFT calculations, and to have data on the un-doped parent compound.
V. CONCLUSIONS
We presented an extended study of the phonon dispersion in superconducting Ca 2−x CuO 2 Cl 2 , doped with Ca vacancies, close to optimal doping. We interpret the results using lattice dynamical calculations based on a shell model, and we compare them to what obtained for other hole-doped cuprates, in particular with the T-structure. We found an overall agreement between our model and the data, confirming the good choice of parameters of the common interatomic potential for the lattice dynamics of cuprates first proposed in Ref.
38. An anomalous dip in the Cu-O bond stretching dispersion develops also in oxychlorides with a simultaneous marked broadening of the mode. The broadening maximum appears at ≈ (π/(2a) 0 0) that corresponds to the charge-modulations propagation vector, observed by means of STM experiments 20 . Our data thus unveil a dynamic precursor state of the above modulations. By comparing our measurements on the longitudinal Cu-O bond-stretching mode in superconducting Ca 2−x CuO 2 Cl 2 with our model, we found that screening effect may bend downwards simultaneously the dispersions along both the (q 0 0) and (0)
